Gaussian integer is one of basic algebraic integers. In this article we formalize some definitions about Gaussian integers [27] . We also formalize ring (called Gaussian integer ring), Z-module and Z-algebra generated by Gaussian integer mentioned above. Moreover, we formalize some definitions about Gaussian rational numbers and Gaussian rational number field. Then we prove that the Gaussian rational number field and a quotient field of the Gaussian integer ring are isomorphic.
(3) If x is an element of Gaussian integers, then x ∈ the set of Gaussian integers.
The addition of Gaussian integers yielding a binary operation on the set of Gaussian integers is defined by the term (Def. 3) + C the set of Gaussian integers.
The multiplication of Gaussian integers yielding a binary operation on the set of Gaussian integers is defined by the term (Def. 4) · C the set of Gaussian integers.
The scalar multiplication of Gaussian integers yielding a function from Z × the set of Gaussian integers into the set of Gaussian integers is defined by the term (Def. 5) · C (Z × the set of Gaussian integers). Now we state the propositions: (4) Let us consider elements z, w of Gaussian integers. Then (the addition of Gaussian integers)(z, w) = z + w.
(5) Let us consider an element z of Gaussian integers and an integer i. Then (the scalar multiplication of Gaussian integers)(i, z) = i · z.
The Gaussian integer module yielding a strict non empty Z-module structure is defined by the term (Def. 6) the set of Gaussian integers, 0(∈ the set of Gaussian integers), the addition of Gaussian integers, the scalar multiplication of Gaussian integers .
Observe that the Gaussian integer module is Abelian add-associative right zeroed right complementable scalar distributive vector distributive scalar associative and scalar unital. Now we state the proposition:
(6) Let us consider elements z, w of Gaussian integers. Then (the multiplication of Gaussian integers)(z, w) = z · w.
The Gaussian integer ring yielding a strict non empty double loop structure is defined by the term (Def. 7) the set of Gaussian integers, the addition of Gaussian integers, the multiplication of Gaussian integers, 1(∈ the set of Gaussian integers), 0(∈ the set of Gaussian integers) .
One can check that the Gaussian integer ring is Abelian add-associative right zeroed right complementable associative well unital and distributive, and the Gaussian integer ring is integral domain-like, and the Gaussian integer ring is commutative. Now we state the propositions:
(7) Every element of the Gaussian integer ring is an element of Gaussian integers.
(8) Every element of Gaussian integers is an element of the Gaussian integer ring.
Z-Algebra
We consider Z-algebra structures which extend double loop structures and Z-module structures and are systems a carrier, a multiplication, an addition, an external multiplication, a one, a zero where the carrier is a set, the multiplication and the addition are binary operations on the carrier, the external multiplication is a function from Z×the carrier into the carrier, the one and the zero are elements of the carrier. Let us observe that there exists a Z-algebra structure which is non empty. Let I 1 be a non empty Z-algebra structure. We say that I 1 is vector associative if and only if (Def. 8) Let us consider elements x, y of I 1 and an integer a 1 
Let us observe that the set of Gaussian integers, (the multiplication of Gaussian integers), (the addition of Gaussian integers), (the scalar multiplication of Gaussian integers), 1(∈ the set of Gaussian integers), 0(∈ the set of Gaussian integers) is non empty and the set of Gaussian integers, (the multiplication of Gaussian integers), (the addition of Gaussian integers), (the scalar multiplication of Gaussian integers), 1(∈ the set of Gaussian integers), 0(∈ the set of Gaussian integers) is strict Abelian add-associative right zeroed right complementable commutative associative right unital right distributive vector associative scalar associative vector distributive and scalar distributive and there exists a non empty Z-algebra structure which is strict, Abelian, add-associative, right zeroed, right complementable, commutative, associative, right unital, right distributive, vector associative, scalar associative, vector distributive, and scalar distributive.
A Z-algebra is an Abelian add-associative right zeroed right complementable commutative associative right unital right distributive vector associative scalar associative vector distributive scalar distributive non empty Z-algebra structure. Now we state the proposition:
(9) the set of Gaussian integers, (the multiplication of Gaussian integers), (the addition of Gaussian integers), (the scalar multiplication of Gaussian integers), 1(∈ the set of Gaussian integers), 0(∈ the set of Gaussian integers) is a right complementable associative commutative right distributive right unital Abelian add-associative right zeroed vector distributive scalar distributive scalar associative strict vector associative non empty Zalgebra structure. One can verify that Z is denumerable and the set of Gaussian integers is denumerable and the Gaussian integer ring is non degenerated.
Quotient Field of Gaussian Integer Ring
The Gaussian number field yielding a strict non empty double loop structure is defined by the term (Def. 9) The field of quotients of the Gaussian integer ring.
Observe that the Gaussian number field is non degenerated almost left invertible strict Abelian associative and distributive.
Let z be a complex. We say that z is Gaussian rational if and only if (Def. 10) (z), (z) ∈ Q. One can verify that every rational number is Gaussian rational. An element of Gaussian rationals is a Gaussian rational complex. Let z be an element of Gaussian rationals. One can verify that (z) is rational and (z) is rational.
Let z 1 , z 2 be elements of Gaussian rationals. Observe that z 1 +z 2 is Gaussian rational and z 1 − z 2 is Gaussian rational and z 1 · z 2 is Gaussian rational.
Let z be an element of Gaussian rationals and n be a rational number. One can check that n · z is Gaussian rational.
Let us observe that −z is Gaussian rational and z −1 is Gaussian rational. The set of Gaussian rationals yielding a subset of C is defined by the term (Def. 11) the set of all z where z is an element of Gaussian rationals.
Let us observe that the set of Gaussian rationals is non empty and every element of Gaussian integers is Gaussian rational.
Let us consider a set x. Now we state the propositions: (10) If x ∈ the set of Gaussian rationals, then x is an element of Gaussian rationals. (11) If x is an element of Gaussian rationals, then x ∈ the set of Gaussian rationals. Now we state the proposition: (12) Let us consider an element p of Gaussian rationals. Then there exist elements x, y of Gaussian integers such that (i) y = 0, and
y . The addition of Gaussian rationals yielding a binary operation on the set of Gaussian rationals is defined by the term (Def. 12) + C the set of Gaussian rationals.
The multiplication of Gaussian rationals yielding a binary operation on the set of Gaussian rationals is defined by the term (Def. 13) · C the set of Gaussian rationals.
Rational Field
Let i be an integer. One can check that i(∈ Q) reduces to i. The rational number field yielding a strict non empty double loop structure is defined by the term (Def. 14) Q, + Q , · Q , 1(∈ Q), 0(∈ Q) . Now we state the propositions: (13) (i) the carrier of the rational number field is a subset of the carrier of R F , and (ii) the addition of the rational number field = (the addition of R F ) (the carrier of the rational number field), and (iii) the multiplication of the rational number field = (the multiplication of R F ) (the carrier of the rational number field), and 
Let us note that the rational number field is add-associative right zeroed right complementable Abelian commutative associative left and right unital distributive almost left invertible and non degenerated and the rational number field is well unital and every element of the rational number field is rational.
Let x be an element of the rational number field and y be a rational number. We identify −y with −x where x = y. Now we state the propositions:
(15) Let us consider an element x of the rational number field and a rational number x 1 . If x = 0 α and
where α is the rational number field. , where α is the rational number field. The theorem is a consequence of (15) . Let us consider a field K, a subfield K 1 of K, elements x, y of K, and elements x 1 , y 1 of K 1 . Now we state the propositions: Now we state the proposition: (26) Let us consider a strict subfield K 1 of the rational number field. Then K 1 = the rational number field. The theorem is a consequence of (25) . One can verify that the rational number field is prime.
Gaussian Rational Number Field
Let i be a rational number. Note that i(∈ the set of Gaussian rationals) reduces to i.
The scalar multiplication of Gaussian rationals yielding a function from (the carrier of the rational number field) × the set of Gaussian rationals into the set of Gaussian rationals is defined by the term (Def. 15) · C ((the carrier of the rational number field)×the set of Gaussian rationals). Now we state the propositions: (27) Let us consider elements z, w of Gaussian rationals. Then (the addition of Gaussian rationals)(z, w) = z + w. (28) Let us consider an element z of Gaussian rationals and an element i of Q. Then (the scalar multiplication of Gaussian rationals)(i, z) = i · z. The Gaussian rational module yielding a strict non empty vector space structure over the rational number field is defined by the term (Def. 16) the set of Gaussian rationals, the addition of Gaussian rationals, 0(∈ the set of Gaussian rationals), the scalar multiplication of Gaussian rationals . Observe that the Gaussian rational module is scalar distributive vector distributive scalar associative scalar unital add-associative right zeroed right complementable and Abelian. Now we state the proposition: (29) Let us consider elements z, w of Gaussian rationals. Then (the multiplication of Gaussian rationals)(z, w) = z · w. The Gaussian rational ring yielding a strict non empty double loop structure is defined by the term (Def. 17) the set of Gaussian rationals, the addition of Gaussian rationals, the multiplication of Gaussian rationals, 1(∈ the set of Gaussian rationals), 0(∈ the set of Gaussian rationals) . Let us note that the Gaussian rational ring is add-associative right zeroed right complementable Abelian commutative associative well unital distributive almost left invertible and non degenerated. 
where α is the Gaussian number field. The theorem is a consequence of (2), (10), (12), (3), (6), (4), (27) , and (29) 
Gaussian Integer Ring is Euclidean
Let a 1 , b 1 be elements of Gaussian integers. We say that a 1 Let p be an element of Gaussian integers. We say that p is Gaussian prime if and only if 
